Technology and Firm Size Distribution:Evidence from Italian Manufacturing by Crosato, Lisa et al.
  1 
Università degli Studi di Salerno 
Centro di Economia del Lavoro e di Politica Economica 
Lisa Crosato*, Sergio Destefanis**, Piero Ganugi* 
*DIPARTIMENTO DI SCIENZE ECONOMICHE E SOCIALI, 
UNIVERSITÀ CATTOLICA DEL SACRO CUORE DI PIACENZA 
**CELPE AND CSEF, UNIVERSITÀ DI SALERNO 
 
Technology and Firm Size Distribution: 






Discussion Paper 102   2 
Scientific Commitee: 
Adalgiso Amendola, Floro Ernesto Caroleo, Cesare Imbriani, Pasquale Persico, Salvatore Vinci  
 
C.E.L.P.E. 
Centro di Ricerca Interdipartimentatle di Economia del Lavoro e di Politica Economica 
Università degli Studi di Salerno 
Via Ponte Don Mellillo, 84084 Fisciano, I - Italy 
http://www.celpe.unisa.it  
E-mail: celpe@unisa.it     











1 The Dataset..................................................................................................6 
2 Technology, Efficiency, Scale Elasticity: The FDH Approach .......................8 
3 Technical Efficiency: The Empirical Evidence.............................................10 
4 Scale Elasticity: The Empirical Evidence....................................................14 
5 The Zipf Plot of the Pareto IV Distribution...................................................19 
6 Zipf Plot Concavity/Linearity and Returns to Scale.....................................20 







   4 
Technology and Firm Size Distribution: 




Lisa Crosato*, Sergio Destefanis**, Piero Ganugi* 
*DIPARTIMENTO DI SCIENZE ECONOMICHE E SOCIALI, 
UNIVERSITÀ CATTOLICA DEL SACRO CUORE DI PIACENZA 





This  paper  explores  the  relationship  between  firm  size  distribution  and 
technology. Similarly to Crosato and Ganugi (2006), we focus on six industries 
from  the Micro1 survey by the  Italian Statistical National Office (ISTAT). Firm 
technology is analysed across selected industries by means of a non-parametric 
production  analysis,  the  Free  Disposal  Hull  approach  (Deprins  et  al.,  1984; 
Kerstens and Vanden Eeckaut, 1999). The existence of a link between technical 
efficiency and size on the one hand, and between scale elasticity and size on the 
other is investigated. Graphical analyses show the absence of a clear-cut relation 
in the first case, while an inverse relation is found in the second one. Building on 
this relation, we inquire whether the shape of the firm size-distribution is related 
to a particular pattern of returns to scale. This problem is studied through the Zipf 
Plot (Stanley et al., 1995) of the Pareto IV distribution, which is concave for firms 
up to a given threshold, and then becomes linear. Results show that firms in the 
concave part of the plot experience increasing returns to scale. On the contrary, 
firms in the linear part are mainly characterised by constant returns to scale. 
 
 
JEL classification: L11, L6, D20, C14. 
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Introduction 
The basic goal of the present paper is to provide empirical evidence on the 
relationship  between  the  shape  of  firm  size  distribution  and  firms’  returns  to 
scale. Similarly to Crosato and Ganugi (2006), we focus on six industries from the 
Micro1 survey by the Italian Statistical National Office (ISTAT), but we move a 
step forward to analyse firm technology across industries by means of a non-
parametric production analysis. More precisely, this paper is based on the Free 
Disposal Hull approach first proposed by Deprins et al. (1984), which imposes 
very little a priori structure on the pattern of the returns to scale. 
Ever since the seminal works of Pareto (1897) and Gibrat (1931) the existence 
of  a  recurrent  model  of  firm  size  distribution  has  been  investigated  in  the 
statistical  as  well  as  in  the  economic  literature (for  an  exhaustive  survey  see 
Kleiber and Kotz, 2003). In early as much as in recent literature firm size has 
often been modelled by means of the Lognormal and Pareto I distributions (Hart 
and Prais, 1956; Steindl, 1965; Quandt 1966; Simon et al., 1955, 1977; Stanley 
et al., 1995; Okuyama et al., 1999; Axtell, 2001, Ganugi et al. 2003, 2005). Both 
distributions were shown to be the outcome of stochastic models of growth based 
on the Law of Proportionate Effect, postulating no effect of size on percentage 
growth rates (Gibrat, 1931). Nonetheless, the empirical fit of these distributions is 
not  always  so  satisfactory  as  to  warrant  inference  about  firm-size  growth 
dynamics from firm-size distributional properties (e.g. inferring Gibrat’s law from 
Lognormality). Indeed the Lognormal generally fails to account for the right tail of 
firm sizes (Stanley et al., 1995; Hart and Oulton, 1997), while the Pareto I has 
problems in fitting their left tail. 
Departures  from  the  Pareto  I  and  Lognormal  distributions  have  been 
interpreted as deviations from Gibrat’s law and therefore as instances of different 
regimes of growth. Crosato and Ganugi (2006) model these departures through a 
very flexible model, the Pareto IV distribution (Arnold, 1983), taking the hint from 
the literature on income distribution (Singh and Maddala, 1975; Dagum, 1977; 
Stoppa, 1990). The favourable evidence for the Pareto IV both at the aggregate 
and at the sectoral level in Italian manufacturing sheds doubt on the relevance of 
the law of proportionate effect in this ambit. Only the size distribution of larger 
firms can be successfully fitted through a Pareto I distribution, as the Pareto IV 
right tail conforms to the Pareto I’s. This aspect is made particularly clear by the 
Zipf Plot (see Stanley et al., 1995, for an introduction to this tool), a double log 
scale plot providing an estimate of any firm’s size under the null that the size is 
distributed according to a specific distribution. The Pareto I is characterised by a 
linear Zipf Plot, while only the right-hand tail of the Pareto IV is a straight line, 
providing evidence on the convergence of the two distributions. 
Generally speaking, it is expected in the literature that firms lying in the linear 
part  of  the  Zipf  Plot  experience  constant  returns  to  scale,  while  no  clear-cut 
opinion is provided on the nature of returns to scale characterising firms in non-
linear parts of the plot (Simon and Bonini, 1958; Ijiri and Simon, 1974; Vining, 
1976;  Lucas,  1978).  Hence,  we  investigate  here  if  large  firms  experience 
favourable  conditions  to  grow  in  a  proportionate  fashion,  discussing  this  way   6 
Gibrat’s law, and at the same time we explore the possibility that non-linear parts 
of the Zipf plot are systematically characterised by non-constant returns to scale. 
The paper is divided in five sections. In section 1 we briefly present the main 
features of our dataset. In section 2 we describe our non-parametric approach to 
the measurement  of  technical  efficiency  and  scale  elasticity.  In  section  3,  we 
investigate the empirical relationship between firm size and technical efficiency, 
while in section 4 we deal with scale elasticity. We find that elasticities of scale 
are sizably lower for large firms in all industries. In section 5 we illustrate the Zipf 
Plot of the Pareto IV distribution. In section 6 we determine the threshold above 
which firms conform to a Pareto I distribution, and find that firms display different 
returns to scale regimes below and above this cut-off point. We finally provide 
some final remarks and describe further directions of research. 
1.    The Dataset 
In  this  paper  we  focus  on  six  industries  selected  from  the  Micro1  survey, 
assembled by ISTAT through the matching of the Structural Business Statistics 
Survey (SCI) and the Community Innovation Survey (CIS1
2
). The original dataset 
is  composed  of  5445  firms,  followed  from  1989  to  1997,  with  at  least  20 
employees and was extensively analysed in Crosato and Ganugi (2006), who 
also discuss the characteristics of the dataset in relation to Gibrat's law (about 
Italian manufacturing in the same period, see also Bottazzi et al., 2003, 2005). 
Micro1  is  a  closed  panel  and  hence  exposed  in  principle  to  survivor  bias 
(Mansfield,  1962;  Jovanovic,  1982).  According  to  the  literature  (Evans,  1987; 
Hall,  1987;  Dunne  and  Hughes  1994),  this  bias  should  be  considered  and 
corrected  in  order  to  yield  to  a  correct  evaluation  of  the  Law's  validity.  The 
survivor bias, regarding in particular the left-hand tail of the distribution, where 
entry-exit  dynamics  are  more  intense,  can  affect  the  average  growth  rates  of 
small  firms  upwards,  leading  to  unfounded  conclusions  against  Gibrat's  law. 
Small firms with low growth rates are more likely to exit the industry with respect 
to large firms, which can reduce in size but still survive, for a longer time period at 
least. Our analysis, however, should not suffer heavily from this bias, because 
the dataset excludes a priori firms with less than 20 employees. Besides, the 
main aim of the paper is not to test whether Gibrat’s law applies to the whole set 
of firms. Rather, we want to ascertain whether firms situated in the size range 
conforming to a Pareto I distribution, and thus yielding evidence in favour of the 
Law from the distributional point of view, also provide evidence consistent with 
the Law from the standpoint of (constant) returns to scale. As will be apparent 
from the evidence shown below, this size range is situated well above the 20-
employee  threshold.  Subsequently,  it  is  unlikely  that  our  conclusions  are 
influenced  by survivor bias, which is likely to  hit more the  left tail of the  size 
distribution. 
An  important,  and  relatively  uncommon,  feature  of  this  dataset  is  that  it 
includes data not only on the number of employees, but also on the total number 
of  work  hours.  This  is  likely  to  reduce  an  important  source  of  bias  in  the 
                                                
2 In this paper we do not use the Innovation Survey.   7 
measurement  of  returns  to  scale,  as  work  hours  track  more  closely  than 
employees the cyclical evolution of value added. In any case, the dataset also 
allows consideration of an alternative specification of the labour input, splitting it 
into blue and white collars. 
The industries we have chosen to analyse will be often denoted according to 
their 2-digit ATECO '91 (ISIC Rev.3) code. They are: 
•  Food products and beverages (DA 15); 
•  Textile (DB 17); 
•  Chemicals and chemical products (DG 24); 
•  Non-metallic mineral products (DI 26); 
•  Fabricated metal products except machinery and equipment (DJ 28); 
•  Machinery and equipment (DK 29). 
 
sectors    
 
year  DA15  DB17  DB18  DG24  DG25  DI26  DJ27  DJ28  DK29  DL31  DN36 
1989  389  537  221  275  337  429  224  632  727  218  413 
1990  390  538  220  275  344  430  219  631  729  216  410 
1991  389  532  223  275  341  428  223  635  731  215  414 
1992  391  522  228  259  317  429  215  615  742  214  421 
1993  391  523  223  256  326  429  219  613  741  214  425 
1994  391  523  225  256  321  428  215  611  749  214  425 
1995  391  525  224  259  318  427  216  603  754  211  427 
1996  391  526  224  262  314  428  215  605  754  212  426 
1997  391  526  226  263  317  429  215  601  752  213  426 
Table 1: Number of firms by sector 
 
These sectors have been chosen through two different steps. First (Table 1) 
we have singled out eleven sectors with at least 200 firms in each year to assure 
reliable statistical estimates (see § 3). 
Second, we concentrated on six out of these eleven sectors according to their 
importance, in terms of value added, with respect to the whole of Manufacturing. 
As can be seen from Table 2, sectors DA15, DB17, DG24, DI 26 and DK29 are 
on top of the value added ranking over the whole period. The three sectors which 
occupied  alternatively  the  sixth  place  were  DJ27,  DJ28  and  DL31.  We  retain 
DJ28 because it contains almost three times the firms of the other two. 
Following Crosato and Ganugi (2006) we will consider total assets as proxy of 
firm size because of the lack of volatility of this variable through time.   8 
 
sectors    
 
year  DA15  DB17  DB18  DG24  DG25  DI26  DJ27  DJ28  DK29  DL31  DN36 
1989  8.45  5.52  1.49  9.15  4.38  5.60  5.23  4.08  12.17  4.69  2.23 
1990  8.90  5.70  1.45  10.13  4.29  5.65  4.76  4.21  11.87  5.06  2.28 
1991  9.02  5.35  1.52  10.22  4.31  5.67  4.26  4.16  11.60  5.31  2.33 
1992  9.73  4.99  1.91  10.54  4.09  5.90  4.08  4.14  12.29  5.21  2.40 
1993  10.09  5.06  1.94  10.91  4.36  5.88  4.28  4.28  13.42  5.16  2.58 
1994  9.11  5.22  1.82  10.96  4.36  5.79  4.58  4.30  13.76  4.67  2.50 
1995  8.63  5.22  1.82  10.98  4.48  5.69  5.16  4.61  13.73  4.48  2.44 
1996  9.39  5.06  1.82  11.45  4.66  5.69  4.68  4.88  14.44  4.23  2.49 
1997  8.97  5.08  1.73  10.74  4.48  5.58  4.64  4.69  14.36  4.58  2.43 
Table 2: Percentage share of value added by sector with respect to the whole 
Manufacturing 
2.  Technology, Efficiency, Scale Elasticity: The FDH 
Approach 
Non-parametric  methods  provide  estimates  of  the  upper  boundary  of  a 
production set (the so-called production frontier) without supposing the existence 
of a functional relationship between inputs and outputs (Farrell, 1957; Fried et al., 
1993). The frontier is supported by some of the observed producers, which are 
defined efficient. Non-parametric methods are divided between those that impose 
upon the production set the hypothesis of convexity (usually gathered under the 
label of Data Envelopment Analysis, or DEA) and those that do not need this 
assumption (the Free Disposal Hull - FDH - approach proposed in Deprins, et al., 
1984,  Tulkens,  1993).  In  the  latter  case,  the  only  property  imposed  on  the 
production set is strong input and output disposability, while in DEA the additional 
hypothesis  of  convexity  is  made.  More  formally,  in  FDH,  for  a  given  set  of 
producers  Yo,  the  reference  set  Y  (  Yo  )  is  characterised,  in  terms  of  an 
observation i, by the following postulate: 
 
( ) ,
i i X Y  observed, ( ) ( ) 0 ,
i i X a Y b Y Y + − ∈ ,  , 0 a b ≥  
 
where a and b are vectors of free disposal of input and output, respectively. In 
other words, due to the possibility of strong input and output disposability, the 
reference set includes all the producers which are using the same or more inputs 
and which are producing the same or less output in relation to observation i. 
Let us take as an example Fig.1, where we consider a technology with one 
input  (X)  and  one  output  (Y).  The  input-output  pairs  correspond  to  producers 
examined at a given point in time. Beginning with observation B, we define every   9 
observation located at its right and/or below it (that is with more input and same 
output,  or  with  less  output  and  same  input;  or  else  with  more  input  and  less 





















Figure 1: An FDH Production Frontier 
In  FDH,  this  comparison  is  carried  out  for  every  observation,  and 
observations  not  dominated  by  any  other  observation  are  considered efficient 
producers, belonging to the frontier of the reference set: On the other hand, the 
observations that are dominated are considered inefficient. In DEA, on the other 
hand, the frontier of the overall reference set is found by constructing a convex 
envelope around the production set; this implies the assumption not only of free 
input and output disposal, but also of convexity. Hence, the DEA frontier must 
exhibit  by  construction  non-decreasing  returns  to  scale  for  relatively  smaller 
observations, and non-increasing returns for relatively larger observations. This is 
not true in FDH and is of crucial importance for the present research. 
One problem with FDH is that possibly many observations may be efficient 
because they are located in an area of the production set where there are no 
other observations with which they can be compared (efficiency by default). To 
circumvent  it,  we  use  a  refinement  of  traditional  FDH,  the  VP-FDH  (variable-
parameter  FDH)  proposed  by  Kerstens  and  Vanden-Eeckaut  (1999),  which 
decisively reduces the problem of efficiency by default. VP-FDH is defined as the 
intersection of FDH technologies that impose by assumption non-decreasing and 
non-increasing returns to scale. First, each observation is compared not only to 
any other  observation  but also  to their smaller or larger proportional  replicas; 
then, one selects for each given observation the assumption about returns to 
scale that yields the highest efficiency score. While still relaxing the hypothesis of 
convexity (meaning that the nature of returns to scale is not restricted a priori), 
VP-FDH  imposes  more  structure  on  the  production  set  than  traditional  FDH, 
greatly  increasing  the  scope  for  comparisons  between  observations,  and 
reducing correspondingly the problem of efficiency by default. 
In all non-parametric methods the distance of a producer from the frontier 
provides its measure of technical inefficiency, or, for short, its efficiency score. 
Typically,  the  (output-oriented  or  input-oriented)  measure  of  Debreu-Farrell  is 
used.  If  the  measure  is  output-oriented,  technical  inefficiency  is  equal  to  the 
complement  to  one  of  the  maximum  output  expansion  consistent  with  the   10 
utilisation of a given input. A producer which is technically efficient (and which is 
therefore on the frontier of reference) will not be able to attain such an expansion 
of output, achieving an efficiency score equal to one. If the measure of Debreu-
Farrell is input-oriented, it is given by the complement to one of the maximum 
input reduction which allows to keep up the production of a given output. If the 
technologies considered have more than one output or one input, then the two 
measures of Debreu-Farrell are equal to, respectively, the complement to one of 
the maximum equiproportional expansion of all the outputs consistent with using 
a  given  vector  of  inputs,  and  to  the  complement  to  one  of  the  maximum 
equiproportional reduction of all inputs that allows to keep up the production of a 
given vector of outputs. 
There are various methods in non-parametric frontier analysis to assess the 
nature of returns to scale on the frontier point relevant for any given producer 
(see  the  discussions  in  Førsund,  1996,  or  in  Kerstens  and  Vanden  Eeckaut, 
1999).  In  a  qualitative  sense,  one  must  ascertain  whether  the  frontier  point 
relevant  for  an  inefficient  producer  according  to  the  variable-returns-to-scale 
technology must be scaled up or down to obtain the frontier point relevant for an 
inefficient producer according to the constant-returns-to-scale technology. In the 
first case, the frontier exhibits increasing returns to scale, while the contrary holds 
true in the opposite case. If the two frontier points coincide, the frontier exhibits 
constant  returns  to  scale.  There  exist  also  some  procedures  that  allow  the 
derivation of quantitative measure of returns to scale from non-parametric frontier 
analysis. A simple and attractive measure, derived from Frisch's Beam variation 
equations, is the ratio between the natural log of the output-increasing efficiency 
score and the natural log of the input-decreasing efficiency score (Førsund and 
Hjalmarsson, 1979; Førsund, 1996). This ratio is only an average measure and is 
determined by the (generally non-measurable) magnitude of returns to scale in 
the two frontier points relevant for the producer taken into consideration. Hence it 
exists only for given data intervals (not for given points), and only for inefficient 
producers. 
It should be kept in mind that a major problem of small-sample bias arises 
when non-parametric frontier approaches are used (Kneip et al., 1998; Gijbels et 
al.,  1999;  Kittelsen,  1999).  As  reported  in  Kittelsen  (1999)  these  approaches 
begin to be characterised by substantial biases for sample sizes around 100 to 
150 observations. This suggested to restrict empirical analysis to sectors well 
exceeding the 100 to 150 observations (per year) mark. 
3.    Technical Efficiency: The Empirical Evidence 
We  now  proceed  to  calculate  technical  efficiency  scores,  through  both 
traditional and VP-FDH, separately for each industry and year. The scores are 
subsequently  used  to  compute  the  measure  of  scale  elasticity  proposed  in 
Førsund and Hjalmarsson (1979). We rely on two different production sets. In the 
first one the output is value added, while number of work hours and the book 
value of fixed assets are the inputs. Value added is the output also in the second 
production set, but inputs include, along with the book value of fixed assets, the 
number  of  blue-collar  employees  and  the  number  of  white-collar  employees.   11 
Indeed  the  empirical  literature  on  Italian  manufacturing  firms  suggests  that 
employees should be divided between blue-collar and white-collar, in order to 
take more satisfactory account of the quality of labour inputs. In such a case, 
however,  it  is  not  possible  to  take  into  account  the  hours  worked  by  each 
category of employees. 
Below we present our main results and provide some comments about them. 
Some remarks about the notation adopted. Capital letters H and W stand for the 
results obtained respectively with the first (work hours) and the second (blue- and 
white collars) production set. Capital letters I and O stand for input- and output-
oriented technical efficiency scores. Finally, the VP-FDH results are denoted by 
VP. 
Some  summary  statistics  of the  technical  efficiency  scores  are  provided  in 
Table 3. For the sake of brevity, we pool together all years in presenting these 
results.  We  obtain  efficiency  scores  with  reasonably  high  mean  and  median 
values,  and  acceptably  low  dispersion.  These  results  point  to  a  satisfactory 
specification  of  the  production  set  and  lend  robustness  to  our  subsequent 
analysis. 
Trough Figures 2  an  3,  we do not  find any kind of  systematic relationship 
between the efficiency scores and the firm size. This is what one expects from 
the empirical literature, and is consistent with the model proposed in Jovanovic 
(1982), where some firms are more efficient than others at all levels of output. 
Inefficient firms decline and abandon the industry while efficient firms grow and 
survive. At the same time efficiency levels can vary throughout the output range 
in absence of any specific trend. Note that we should not expect particularly low 
efficiency levels in our dataset, composed by firms having survived for nine years 
which hence belong, at least for the period in analysis, to the efficient and able-
to-grow bunch.   12 
 
  min  1
stqu  med  mean  3
rd qu  max  min  1
stqu  med  mean  3
rd qu  max 
  TE-H-I  TE-H-O 
DA15  0,085  0,500  0,655  0,662  0,823  1  0,017  0,438  0,588  0,608  0,766  1 
DB17  0,100  0,450  0,586  0,606  0,746  1  0,031  0,403  0,529  0,559  0,691  1 
DG24  0,100  0,599  0,750  0,740  0,911  1  0,030  0,550  0,719  0,711  0,905  1 
DI26  0,124  0,596  0,733  0,730  0,875  1  0,022  0,522  0,675  0,675  0,844  1 
DJ28  0,114  0,527  0,653  0,663  0,792  1  0,083  0,470  0,608  0,621  0,767  1 
DK29  0,056  0,473  0,605  0,624  0,762  1  0,026  0,433  0,566  0,590  0,734  1 
  TEVP-H-I  TEVP-H-O 
DA15  0,085  0,414  0,541  0,554  0,688  1  0,013  0,332  0,436  0,463  0,571  1 
DB17  0,091  0,388  0,507  0,532  0,667  1  0,019  0,328  0,433  0,464  0,567  1 
DG24  0,100  0,481  0,592  0,603  0,731  1  0,028  0,412  0,530  0,545  0,668  1 
DI26  0,124  0,521  0,644  0,645  0,774  1  0,017  0,429  0,554  0,564  0,691  1 
DJ28  0,114  0,471  0,578  0,590  0,705  1  0,072  0,410  0,514  0,530  0,637  1 
DK29  0,056  0,397  0,498  0,525  0,634  1  0,023  0,339  0,426  0,453  0,543  1 
  TE-W-I  TE-W-O 
DA15  0,09177  0,6129  0,7869  0,754  0,924  1  0,017  0,499  0,678  0,680  0,889  1 
DB17  0,1213  0,6142  0,75  0,744  0,8947  1  0,042  0,524  0,681  0,680  0,859  1 
DG24  0,1366  0,7143  0,8684  0,8279  1  1  0,053  0,677  0,842  0,799  1  1 
DI26  0,104  0,700  0,838  0,813  1,000  1  0,033  0,598  0,767  0,748  0,960  1 
DJ28  0,1389  0,6364  0,7764  0,7587  0,9048  1  0,107  0,532  0,695  0,690  0,858  1 
DK29  0,09223  0,6259  0,7692  0,7553  0,9139  1  0,031  0,553  0,708  0,705  0,881  1 
  TEVP-W-I  TEVP-W-O 
DA15  0,092  0,513  0,667  0,657  0,813  1  0,013  0,406  0,537  0,550  0,689  1 
DB17  0,121  0,536  0,667  0,666  0,800  1  0,032  0,450  0,572  0,582  0,715  1 
DG24  0,068  0,588  0,706  0,694  0,824  1  0,038  0,522  0,651  0,642  0,778  1 
DI26  0,104  0,591  0,720  0,706  0,836  1  0,031  0,485  0,627  0,619  0,764  1 
DJ28  0,130  0,571  0,692  0,687  0,808  1  0,075  0,473  0,592  0,599  0,723  1 
DK29  0,081  0,537  0,657  0,657  0,789  1  0,029  0,462  0,570  0,582  0,705  1 
Table 3: Summary statistics of technical efficiency scores. annual scores are pooled 
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Figure 2: The efficiency-size relationship. Technical efficiency scores on the vertical axis 
(TEVP-H-I), logarithm of Total Assets on the horizontal axis (Sectors DA15, DB17 and 
DG 24) 
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Figure 3: The efficiency-size relationship. Technical efficiency scores on the vertical axis 
(TEVP-H-I), logarithm of Total Assets on the horizontal axis (Sectors DI26, DJ28 and DK 
29). 
4.   Scale Elasticity: The Empirical Evidence 
In  order  to  better  understand  the  characteristics  of  our  scale  elasticity 
measures, it is useful to consider Figure 4, which provides the rates of growth of 
Italian GDP in the  years included in the analysis. Clearly, 1989 was the  year 
closer to a cycle peak, while 1993 is the cycle trough. Toward the end of the 
sample the cycle picks up again. 
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Figure 4: Growth rates of the Italian GDP: 1989-97 
 
If the inputs included in the production set do not closely track the cyclical 
fluctuation  of  the  output,  our  measures  of  scale  elasticity  could  be  cyclically 
biased. Hence it is important to compare their values in different periods. For the 
sake of brevity we carry out this comparison for 1989 (peak), 1993 (trough) and 
1997 (last year, with the GDP growth rate very close to its sample mean). As can 
be  seen  from  Table  4,  there  is  no  evidence  of  a  cyclical  bias  in  our  scale 
elasticities. 
In particular, the 1993 values are not distinctly higher than the other ones, as 
one would expect to be the case in the presence of slack inputs. 
Table 4 also makes it clear that the measurement of scale elasticities through 
FDH  (and,  to  some  extent,  also  through  VP-FDH)  produces  some  highly 
anomalous values. These values occur when firms are close to a very high or a 
very wide “step” of the FDH frontier. In the following analysis the lowest and the 
highest 2.5% of the elasticity scores will be trimmed out of the sample. In any 
case, it generally turns out that scale elasticity is inversely related to firm size. 












1988  1990  1992  1994  1996  1998 
Years   16 
 
sc. el. H  sc. el. W 
 
Min  1
stQu  Med  Mean  3
rd Qu  Max  Min  1
stQu  Med  Mean  3
rd Qu  Max 
  1989 
DA15  0.127  0.951  1.387  1.499  1.910  5.654  0.156  0.835  1.584  2.249  2.876  11.500 
DB17  0.235  0.840  1.217  1.459  1.698  6.552  0.102  0.722  1.260  1.616  2.045  8.033 
DG24  0.162  0.679  1149  1.506  1.910  8.858  0.059  0.494  0.908  1.650  1.810  10.110 
DI26  0.854  1  1.254  1.482  1.688  4.063  1.002  1.240  1.525  1.899  2.090  7.168 
DJ28  0.195  0.766  1.299  1.488  1.877  6.045  0.119  0.843  1.420  1.778  2.349  6.920 
DK29  0.223  0.776  0.995  1.219  1.419  4.497  0.545  1  1  1.342  1.484  4.502 
  1993 
DA15  0.118  0.816  1.307  1.685  2.149  9.016  0.103  0.819  1.410  1.806  2.240  8.429 
DB17  0.168  0.787  1.259  1.589  2.063  6.436  0.065  0.796  1.332  1.683  2.157  6.436 
DG24  0.140  0.623  1.071  1.272  1.663  4.496  0.054  0.502  0,6785  1.511  1.957  6.705 
DI26  0.396  1  1.275  1.505  1.655  5.507  0.396  1  1.275  1.505  1.655  5.507 
DJ28  0.167  0.865  1.182  1.360  1.644  5.245  0.120  0.806  1.307  1.664  1.953  7.305 
DK29  0.157  0.699  1.147  1.423  1.751  5.239  0.739  1  1123  1.440  1.500  4.386 
  1997 
DA15  0.155  0.841  1.284  1.681  1.963  10.13  0.136  0.884  1.608  2.485  2.909  13.450 
DB17  0.170  0.876  1.165  1.470  1.665  8.005  0.061  0.677  1.198  1.575  1.963  6.444 
DG24  0.094  0.628  0.952  1.361  1.655  6.983  0.083  0.607  0.970  1.751  1.827  10.230 
DI26  0.555  1  1.227  1.342  1.451  3.668  0.651  1  1.336  1.735  1.930  5.581 
DJ28  0.221  0.622  1  1.114  1.403  4.551  0.147  0.655  1.155  1.609  2.167  6.916 
DK29  0.194  0.708  1.004  1.277  1.583  4.850  0.583  1  1125  1.331  1.420  4.268 
sc. el. H-VP  sc. el. W-VP 
 
Min  1
stQu  Med  Mean  3
rd Qu  Max  Min  1
stQu  Med  Mean  3
rd Qu  Max 
  1989 
DA15  0.540  1  1.436  1.477  1.812  2.757  0.384  1  1.519  2.056  2.765  8.691 
DB17  0.488  1.114  1.114  1.346  1.560  4.376  0.431  1  1.084  1.520  1.667  6.648 
DG24  0.811  1  1012  1.407  1.497  4.606  0.868  1  1  1.241  1.227  3.508 
DI26  0.934  1  1.179  1.418  1.595  4.063  1.002  1.244  1.556  2.050  2.166  9.119 
DJ28  0.392  1  1.228  1.270  1.539  2.898  0.415  1  1.202  1.604  1.960  5.957 
DK29  0.544  0.972  1  1.150  1.112  3.209  0.121  0.782  1212  1.501  1.899  6.522 
  1993 
DA15  0.811  1  1.256  1.570  1.950  3.986  0.676  1  1.092  1.603  1.869  6.054 
DB17  0.275  1  1.440  1.641  2.089  4.747  0.517  1  1.368  1.561  1.867  4.457 
DG24  0.602  1  1  1.160  1.087  3.787  0.566  1  1  1.134  1.117  3.628 
DI26  0.445  1  1.217  1.449  1.589  5.315  0.445  1  1.217  1.449  1.589  5.315 
DJ28  0.588  1  1.205  1.343  1.554  3.460  0.610  1  1.154  1.566  1.749  6.690 
DK29  0.666  1  1179  1.430  1.465  4.363  0.068  0.765  1243  1.640  2.074  6.660 
  1997 
DA15  0.521  1  1.213  1.473  1.792  3.415  0.540  1  1.319  1.956  2.179  8.395 
DB17  0.425  1  1.103  1.345  1.560  3.978  0.535  1  1.098  1.522  1.763  5.837 
DG24  0.818  1  1  1.148  1.188  2.475  0.492  1  1  1.308  1.328  5.831 
DI26  0.557  1  1.189  1.297  1.410  3.628  0.715  1  1.105  1.513  1.636  5.480 
DJ28  0.484  0.898  1  1.097  1.079  2.874  0.623  1  1  1.457  1.549  5.145 
DK29  0.630  0.961  1  1.217  1.327  3.649  0.139  0.721  1284  1.604  2.104  6.107 
Table 4: Summary statistics of the scale elasticities. 1989. 1993. 1997 
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Figure 5: The scale elasticity-size relationship ( elasticity scores are calculated through 
FDH-VP, with respect to the first production set). Sectors DA15, DB17, DG24  
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Figure 6: The scale elasticity-size relationship ( elasticity scores are calculated through 
FDH-VP, with respect to the first production set). Sectors DI26, DJ28, DK29   19 
5.  The Zipf Plot of the Pareto IV Distribution 
The Zipf Plot (see Stanley et al., 1995), is a graph of the log of the rank versus 
the log of the variable being analysed, in this case firm size. Let X be the random 
variable size, ( N x x x ,..., , 2 1 ) be the vector of its realizations on a set of N firms and 
) (x FX  its cumulative distribution function. Next, suppose that the observations 
are ordered from the largest to the smallest so that the index i is the rank of the i-
th firm. The sample Zipf plot is the graph of  ) ln( i x  against ) ln(i . Further, because 
of the ranking, 
 
) ( - 1 / i X x F N i = , so that  [ ] ) ln( ) ( - 1 ln ) ln( N x F i i X + = , and 
( ) [ ] N i F x X i - 1 ln ) ln(
1 - − =  
 
Therefore, if a distribution function  ) ( ˆ x FX  has been satisfactorily fitted on the 
random variable X, it is possible to provide for each firm an estimate of its size, 
starting from its rank. This estimate is achieved by means of the inverse of the 
same distribution function, i.e. the quantile function 
 




The passage from the cumulative distribution function to the rank permits to 
estimate the size of sector biggest firm, second biggest firm and so on, when firm 
size  in  that  sector  is  reasonably  proved  to  follow  a  particular  probability  law. 
Accordingly, systematic differences between effective and estimated size reveal 
regimes of growth different from those assumed by the growth process, if any, 
associated with the probability law. 
The quantile function of the Pareto IV distribution is defined as: 
 
( ) [ ] µ σ
γ α + − − =
− 1 1 ) (
/ 1
4 y x Q P  
 
The Pareto IV is a general Pareto model with four parameters, respectively  µ  
of location, σ of scale, α  and  γ  of shape and nests the Pareto I as a particular 
case, i.e. for particular specification of the parameters ( σ µ =  and  1 = γ ). More 
generally, the Pareto IV possesses a Pareto I right-hand tail, with coefficient  γ α  
(Bell and Klonner, 2005): the Pareto I shape coefficient is approximated by the 
ratio of the Pareto IV shape coefficients. This is clearly highlighted by the Zipf 
Plot in that the Pareto I’s Zipf Plot is a straight line (Ijiri and Simon, 1977) and the 
Pareto IV’s one becomes a straight line beyond a given size threshold. 
In Figure 7 we depict the Zipf plots for the six industries. In all cases the plot 
starkly  differs  from  a  Pareto  I’s  straight  line.  Details  about  the  Maximum 
Likelihood estimation of the plots are provided in Crosato and Ganugi (2006). 
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Figure 7: Zipf Plots of the six sectors. Dots represent the observed rank-size relationship, 
the  solid  line  represents  the  relationship  between  the  observed  rank  and  the  size 
estimated through the quantile function. 
6.   Zipf Plot Concavity/Linearity and Returns to Scale 
The  existence  of  a  link  between  the  shape  of  firm-size  distribution  and  of 
returns to scale has been the object of some attention in the literature (Simon 
and Bonini, 1958; Ijiri and Simon, 1967, 1974, 1977; Vining, 1976; Lucas, 1978). 
Ijiri and Simon (1977) pointed out (see also Simon and Bonini, 1958) that Gibrat's 
law is consistent with a regime of constant returns to scale, at least if firms are 
able to reach the Minimum Efficient Scale. Later, Lucas (1978) drew on this point, 
building a model where firms characterised by  constant returns to scale grow 
according to Gibrat's law. Matters are less clear-cut when considering Zipf plots 
characterised by non-linearities. Ijiri and Simon (1967, 1974, 1977) suggested 
that  concave  (downward)  from  the  straight  line  in  the  Zipf  plots  can  still  be 
compatible  with  constant  returns  to  scale  in  the  presence  of  either  strong 
autocorrelation  of  growth  rates  or  mergers  and  acquisitions.  However,  Vining 
(1978) when simulating a Gibrat-like process, augmented by autocorrelation in 
growth rates, finds a convex curvature, rather than concave, on the Zipf plot. 
Hence, although the literature does not provide any clear conclusion, a concave 
curvature in the log-log chart may stand for «… something inherent in the very 
nature of size that causes a progressive decline in… [the growth rate of a firm] as 
it expands its activities » (Vining, 1976, 370). In other words, either decreasing 
returns to scale step in or increasing returns to scale phase out as firms grow 
larger.   21 
In this paper we provide empirical evidence on this topic by linking explicitly 
the curvature of the Pareto IV distribution with the pattern of returns to scale of 
the production frontier, as appraised through the FDH approach. Following the 
above discussion we can put to test two alternative hypotheses. The first one 
envisages constant returns to scale regardless of their position in the Zipf plot, in 
which  case  some  explanation  should  be  found for  the  curvature  of the  latter. 
According  to  the  second  hypothesis,  as  firms  grow  larger,  they  tend  to  be 
characterised  by  increasing,  constant  and  decreasing  returns  to  scale. 
Considering the Zipf plots depicted in Figure 7, we expect constant returns to 
scale for firms lying in the linear part of the plot, while smaller firms experience 
increasing returns to scale. We can see here why a crucial advantage of FDH is 
that it imposes virtually no a priori structure on the pattern of returns to scale, 
while DEA exhibits by construction non-decreasing returns to scale for relatively 
smaller  observations  and  non-increasing  returns  for  relatively  larger 
observations. 
Turning now to the evidence, we recall that in § 4.2, an inverse relation was 
found between elasticity of scale and size. A careful look at Figures 5 and 6 
suggests that, above a given size threshold, elasticities align themselves on the 
horizontal line demarking constant returns to scale. This tendency is observable 
in all sectors aside from the Textile one -DB17- where elasticities are first larger 
and then smaller than unity. On the other hand, in § 5.1 we stressed out that the 
Zipf plot of the six industries under scrutiny is concave for firms up to a given 
threshold, and then becomes linear. 
Our research strategy is then to ascertain whether the level of Total Assets 
(TA) that divides the non-linear from the linear part of the Zipf plots can also be 
considered a threshold in terms of returns-to-scale regimes. To do this, we need 
to analyse the distribution of elasticities separately for firms on each side of the 
linearity threshold, which has to be fixed. 
In  order  to  determine  this  threshold,  or  cutoff  point,  we  rely  on  the 
convergence of the Pareto IV to the Pareto I distribution through two steps. First, 
we estimate the Pareto I model moving from the left to the right of the distribution. 
We take one percentile in turn as the scale parameter of the model and estimate 
the shape parameter, through maximum likelihood estimates, for firms remaining 
on the right of that percentile. We then fix the linearity threshold at the percentile 
giving the smallest difference between the  Pareto I  shape parameter and  the 
ratio of Pareto IV’s  α  and  γ . This step is exemplified in Figure 8, where the 
sequence of such differences along the percentiles can be seen for the “Food 
products and beverage” industry. 
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Figure 8: Fixing of the linearity threshold (vertical line). Food products and beverage 
(DA15). 
 
In the second step, once determined the cutoff point, we check for acceptance 
of the Pareto I model on its right by a standard Chi-Squared test. 
The  outcomes  of  the  procedure  for  the  first,  central  and  final  years  are 
summarized in Table 5. The second and third columns respectively contain the 
percentile from which the fitted Zipf Plot becomes linear and the number of firms 
belonging to the linear part. As can be seen, the linearity threshold shifts both 
between sectors and, within sectors, over time. A comparison between the fourth 
and the fifth column clearly highlights the proximity between the Pareto I shape 
parameter and the ratio of Pareto IV’s α  and  γ . Finally, the Chi-Squared test p-
values reported in the last column validate a good fit of the Pareto I distribution 
for  firms  with  TA  exceeding  the  identified  threshold.  Overall,  the  obtained  p-
values widely exceed the 5% level of significance. 
After  the  cutoff  point  has  been  determined  for  each  year,  firms  can  be 
straightforwardly classified as belonging either to the concave or the linear part of 
the plot. To analyse the type of returns to scale prevailing for firms on the left and 
on the right of the boundary, we divide the elasticities in three classes, precisely 
below 0.95 excluded, from 0.95 to 1.05 and above 1.05, representing decreasing, 
constant and increasing returns to scale, respectively. We report the results for 
this taxonomy in Table 6, by pooling all years together.   23 
 





γ α /   p.value (P1) 
DA15 
1989  66%  132  0.894  0.897  0.550 
1993  79%  82  0.941  0.937  0.903 
1997  85%  59  1.069  1.070  0.943 
DB17 
1989  73%  145  1.155  1.154  0.245 
1993  70%  157  1.202  1.197  0.450 
1997  77%  121  1.182  1.162  0.096 
DG24 
1989  65%  96  0.843  0.860  0.078 
1993  68%  82  0.896  0.896  0.164 
1997  83%  45  1.117  1.109  0.208 
DI26 
1989  84%  69  1.000  1.001  0.653 
1993  89%  48  1.009  1.020  0.908 
1997  71%  125  0.962  0.964  0.849 
DJ28 
1989  65%  221  1.200  1.209  0.197 
1993  61%  239  1.104  1.107  0.209 
1997  67%  198  1.171  1.173  0.537 
DK29 
1989  65%  255  0.957  0.948  0.304 
1993  87%  97  1.077  1.077  0.816 
1997  85%  113  1.077  1.077  0.664 
Table 5: Estimates of Pareto I model on the linear tail of the Pareto IV model. Linearity 
threshold in the Pareto 4 Zipf Plot and Chi-squared test p-values. 
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Zipf Plot linear part  Zipf Plot concave part 
Sectors 
DRS  CRS  IRS  tot  DRS  CRS  IRS  tot 
DA15  16.20%  44.20%  39.60%  100%  0.60%  31.50%  67.80%  100% 
DB17  55.00%  32.40%  12.60%  100%  16.90%  17.10%  66.10%  100% 
DG24  4.70%  82.10%  13.20%  100%  0.10%  38.90%  61.00%  100% 
DI26  26.20%  57.53%  16.27%  100%  8.74%  26.14%  65.13%  100% 
DL28  40.00%  42.90%  17.20%  100%  9.80%  18.50%  71.70%  100% 
DK29  31.00%  63.70%  5.30%  100%  10.30%  26.40%  63.30%  100% 
Table 6: Percentage of firms in the linear and concave part according to scale  elasticity 
 
As  can  be  seen  from  Table  6,  firms  in  the  concave  part  clearly  exhibit 
increasing returns to scale in all sectors. On the contrary, firms staying in the 
linear part are mostly concentrated in the interval [0.95,1.05], hence sharing a 
tendency to constant returns to scale. An exception is the Textile Sector (DB17), 
where most firms experience decreasing returns to scale. 
Accordingly, our evidence favours the second hypothesis outlined above. The 
Pareto  IV  distribution  is  consistent  with  different  returns-to-scale  regimes:  as 
firms grow larger, they tend to be characterised by increasing and then constant 
returns to scale. Most of firms in the concave part experience an IRS regime, 
while the linear tail overwhelmingly includes firms facing CRS in five out of six 
sectors.   25 
Concluding Remarks 
 
In the literature on firm-size distribution, the relationship between technology 
and firm size has been treated mostly from a theoretical point of view (Simon and 
Bonini, 1958; Ijiri and Simon, 1967, 1974, 1977; Vining, 1976; Lucas, 1978). In 
this paper we provide empirical evidence on this topic analysing six industries 
from Italian manufacturing. 
In a previous research (Crosato and Ganugi 2006) we have pointed out that 
the  size  distribution  of  firms  in  Italian  manufacturing  industries  cannot  be 
satisfactorily modelled by means of the Lognormal and Pareto I distributions. On 
the contrary, a good fit is achieved through the Pareto IV distribution, a more 
general  Paretian model.  As  it  can  be  easily  shown  through  the  Zipf  plot,  the 
Pareto IV model possesses a Pareto I right-hand tail, linear in double log-scale. 
In this paper we link explicitly the curvature of the Pareto IV distribution with the 
returns  to  scale  of  the  production  frontier,  as  appraised  through  the  non-
parametric  Free  Disposal  Hull  (FDH)  approach,  both  in  the traditional  version 
from Deprins et al. (1984) and in the refined version by Kerstens and Vanden 
Eeckaut  (1999).  Utilisation  of  FDH  is  of  crucial  importance,  as  this  approach 
imposes very little a priori structure on the pattern of returns to scale. 
A first result of our research is the absence of a clear relationship between 
technical  efficiency  and  size.  This  is  consistent  with  the  composition  of  our 
dataset,  a  closed  panel  which  records  firms  from  20  employees  onwards. 
According  to  Jovanovic  (1982),  in  fact,  firms  with  exceedingly  low  efficiency 
values should shrink and exit the industry and could not survive for nine years. 
Efficiency is therefore distributed neutrally with respect to size among surviving 
firms. 
More crucially, we find an inverse relationship between scale elasticity and 
firm  size.  Building  on  this  result,  we  investigate  the  connection  between 
elasticities and the firm size distribution shape. We find that firms occupying the 
concave part of the Pareto IV clearly exhibit increasing returns to scale in all 
sectors. On the contrary, firms in the linear Pareto I-type part generally show 
constant returns to scale, with the exception of the Textile industry where returns 
to  scale  are  mainly  decreasing.  The  existence  of  two  different  technological 
regimes results is therefore consistent with the existence of different regimes of 
growth along the Pareto IV distribution. Furthermore, since both constant returns 
to scale and linearity of the Zipf plot are compatible with Gibrat’s law, their joint 
presence in the right tail of the size distribution leaves room for a reappraisal of 
the law for larger firms of Italian manufacturing (Lotti et al., 2004). 
In  future  research,  we  intend  to  carry  on  a  systematic  study  of  the 
convergence  of  the  Pareto  IV  to  the  Pareto  I  distribution,  analysing  why  the 
linearity threshold changes across sectors and time. Possible hypotheses to be 
considered in this ambit are the influence of the age of the firm on its growth 
regime (Lotti et al., 2003), of company groups or conglomerates on the pattern of 
returns to scale, and of GDP fluctuations and business cycles. Finally, it would be 
interesting  to  investigate  whether  the  cross-industry  variability  of  the  linearity 
threshold is related to differences in the Minimum Efficient Scale (MES) across 
sectors. 
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